The d-dimensional 2-spin facilitated kinetic Ising model is studied analytically starting from usual master equations and their transformation into a Fock-space representation. The evolution of relevant operators is rewritten in terms of a projection formalism. The obtained frequency matrices and memory terms are analyzed. Especially, the structure of the memory terms is approached by using the well-known factorization approximation as the standard decomposition technique of N-point correlation functions. The temperature dependence of the relaxation times related to the 2-spin facilitated kinetic Ising model shows a non-Arrhenius behavior. Furthermore, a characteristic stretched decay of the correlation function is obtained.
I. INTRODUCTION
A central topic in statistical physics is the qualitative and quantitative understanding of long-time phenomena in strongly interacting many-body systems, which exhibit an extremely slowing-down concerning the structural relaxation dynamics near a certain point, e.g., a system specific value of temperature, which defines a transition of the system state. Especially, investigations of dense systems showing no long range ordered state or singular behavior of static quantities in contrast to the well-known critical slowing-down of conventional phase transitions, are of a particular interest. Such kind of phenomena are ͑purely kinetic in origin͒ characterized by a high cooperativity of local processes. 1 That means, the time scale for structural rearrangement increases dramatically for decreasing temperatures. Therefore, cooperativity leads to the slowing-down of the relaxation times with decreasing temperature. For a large class of dense systems some essential properties of the slowing-down regime, e.g., a stretched exponential decay of autocorrelation functions and a nonArrhenius temperature behavior of relaxation times, seem to be characteristic or universal features for the primary relaxation process at sufficiently long times.
Such a scenario has often been observed for the main glass transition process in supercooled liquids, which usually called as ␣-relaxation. Because the experimental data for a wide range of undercooled liquids show a uniform time behavior of the ␣-process near but above a certain glass transitions temperature, i.e., a nonexponential decay of the correlation function and the non-Arrhenius behavior of the relaxation time, which can be fitted by a Williams-LandelFerry ͑WLF͒ relation 2 given by ln ϰ(TϪT 0 ) Ϫ1 with a finite Vogel temperature T 0 .
Furthermore, there exists also an interesting class of nonequilibrium models, which is related to facilitated kinetic spin systems. These models show a typical slowing-down of the structural relaxation dynamics for long times caused by an increasing cooperativity of local spin-flip processes with decreasing temperature. In this context our interest in the present paper is especially focused on studying the f-spin facilitated kinetic Ising models, [3] [4] [5] originally introduced by Fredrickson and Andersen. These models are formulated on d-dimensional hypercubic lattices. Each lattice point i is characterized by a spin variable i with two possible states i ϭϮ1. The set of all observables ϭ͕ i ͖ forms a configuration. The time evolution of the whole Ising spin system is described by a master equation,
L͑,Ј͒P͑,t ͒, ͑1͒
where P(,t) is the probability that a certain configuration is realized at time t and L(,Ј) is the system specific dynamical matrix. Hence, the underlying dynamic of the f-spin facilitated kinetic Ising models is a stochastic one, which is given by a simple Glauber process, 6 i.e., a spin-flip i ϭϩ1↔ i ϭϪ1 is controlled by the thermodynamical Gibbs measure and by self-induced topological restrictions. In particular, the topological conditions are explicitly taken into account so that an elementary flip at a given lattice point i is only allowed if the number of the nearest neighbored lattice points in the spin up state ( i ϭϩ1) is equal or larger than a restriction number f with 0Ͻ f Ͻ2d ͑2d: coordination number of the lattice͒. Therefore, Ising spins on different lattice sites are coupled only via kinetic constraints, i.e., there are no pair interactions between neighbored spins. In this way, elementary single spin-flip processes connected with geometrical restrictions lead inevitably to cooperative rearrangements in the underlying spin system. Besides experimental observations, numerical studies are very powerful methods to analyze the relaxation dynamics in dense systems. Several numerical investigations, [7] [8] [9] [10] [11] [12] which are based on Monte Carlo simulations, have been shown some general features for the cooperative motion at long times for the 2-spin facilitated kinetic Ising model on hypercubic lattices with dimensions equal and larger than two. Namely, it reveals a non-Arrhenius temperature behavior of the relaxation time, which diverges at zero temperature, as well as a stretched exponential decay of the equilibrium correlation function that can be fitted by a Kohlrausch-Williams-Watts function. It is remarkable that the relaxation regime of facilitated kinetic Ising models and the ␣-relaxation of real supercooled liquids exhibit qualitatively the same long-time behavior but nearby different significant temperatures in each case. Consequently, cooperativity due to local kinetic constraints seems to be a fundamental physical mechanism, in order to understand the collective nature of the primary relaxation process in the slowing down scenario of dense systems. Therefore, Fredrickson and Andersen 4 gave a schematic interpretation of the d-dimensional f-spin facilitated kinetic Ising model SFM͓ f ,d͔ by approximating the picture of supercooled liquids in terms of few degrees of freedom of the Ising spin. The two orientations of the spin are related to the particle density of virtual lattice cells, where the spin-down state represents a high density ͑a low mobility, solidlike region͒ and the spin-up state corresponds to a low density ͑a high mobility, liquidlike region͒, respectively. Surely, such a model is certainly to simple to explain the whole relaxation pattern of real supercooled liquids, because the SFM͓2,d͔ does not offer a ␤-process. That should be interpreted as an indication that the underlying master equation is valid on a time scale larger than the time scale of the ␤-process, but the SFM͓2,d͔ can be used to understand some general aspects of the slow ␣-process.
From the theoretical point of view, it is desirable to formulate an analytical approach, which reproduces all phenomenological features of the slow ␣-process in dense systems. Up to now, there exists no general method to derive suitable kinetic equations explaining the long-time regime from first principles starting from a microscopic level given by the full equations of motion for strongly interacting many-body systems. A suitable theoretical approach to study the slow relaxation dynamic is based on the mode-coupling theory ͑MCT͒ for dense simple liquids. The derivation of the evolution equations of the MCT is based on the MoriZwanzig projection operator formalism. [13] [14] [15] The basic idea of the projection formalism consists in the introduction of relevant and irrelevant observables, which are defined via an ad hoc symmetry breaking of the full microscopic system observables. Therefore, the common belief of this approach is well-founded in the assumption that the relevant observables are a complete set of slow observables reflecting the full long-time dynamics. In this sense, the projection method offers a systematic way of deriving kinetic equations for a set of relevant observables, which yield an adequate description of slow relaxation phenomena. Note, the crucial point of this strategy is the choice of a complete set of slow system variables, which is far from being obviously. In spite of all analytical difficulties, due to their predictions for supercooled liquids mode coupling approaches are suitable candidates for a theory of slow structural relaxation phenomena. From the physical intuition, mode-coupling approaches should also be the right key for an analytical analysis of the long-time behavior of facilitated kinetic Ising spin models like the SFM͓2,d͔, because of some general similarities concerning the relaxation regime of the SFM͓2,d͔ and the slow ␣-process of supercooled liquids. Thus, whether the underlying dynamic is reversible ͑Newtonian motion͒ or irreversible ͑stochastic dynamic process͒ the projection formalism should lead to adequate evolution equations for a specific set of relevant observables, which can be used as a reasonable basis for a further treatment, e.g., for a continuous fraction analysis or for a mode-coupling approach. Accordingly, the irreversible character of the underlying system dynamic will be inevitable shown in the interior structure of the evolution equations in comparison with the structure of the evolution equations, which are derived on the basis of a reversible Newtonian motion.
The first analytical calculation of the SFM͓2,d͔ was introduced by Fredrickson and Andersen 3,4 using a low order renormalized perturbation theory. In contrast to numerical simulations, [7] [8] [9] [10] [11] [12] which have been shown that the spin system is always ergodic at temperatures larger than zero, their analytical studies predicted an ergodic-nonergodic transition due to a divergence of the relaxation time at a nonzero temperature similar to the prediction of the Leutheusser model 16 for supercooled liquids. Therefore, the failure of the renormalized perturbation treatment of the SFM͓2,d͔ gives another hint in order to try a formulation of a mode-coupling approach as a suitable description of the SFM͓2,d͔ at long times. First attempts to formulate a mode-coupling approach for facilitated kinetic Ising models are given by Jäckle et al. 17, 18 and Kawasaki. 19 Unfortunately, in comparison with Monte Carlo simulations all these mode-coupling approaches fail in their predictions of the long-time regime, because of the evolution equations are derived only for one kind of relevant observables.
The aim of the present paper is the consistent derivation of evolution equations for a set of relevant observables for the SFM͓2,d͔ by using of a projection formalism and their analysis in terms of a mode-coupling approach. The starting point is the mapping of the master equations of the SFM͓2,d͔ to similar equations in a Fock-space representation. Subsequently, a generalized projection leads to suitable evolution equations for the related correlation functions. The analysis of correlation functions is carried out in terms of the frequency matrices and memory terms.
The hope of this work is that analytical results of the SFM͓2,d͔ give a deeper insight in the slow dynamics of real complex systems.
II. FOCK-SPACE APPROACH
At first, we give a short review about the main ideas behind the Fock-space formalism, which is a very powerful method for analyzing classical many-body systems with a stochastic dynamic given by a master equation on a lattice. The Fock-space approach is based on a quantumlike formulation of the underlying master equation written in terms of creation and annihilation operators. Well, the Fock-space representation of the SFM͓2,d͔ will be more transparent by interpreting the two spin orientations i ϭϪ1 and i ϭ1 as empty and single occupied site corresponding to the restricted occupation numbers n i ϭ0 and n i ϭ1 via i ϭ2n i Ϫ1, respectively. Concerning this, the SFM͓2,d͔ can be interpreted as a lattice gas considering the excluded volume effect, i.e., changes of the configuration nϭ͕n i ͖ are possible only under the presence of the exclusion principle. Now, re-place →n in Eq. ͑1͒ and following Refs. 20-23, the probability distribution P(n,t) can be related generally to a state vector ͉F(t)͘ in a Fock-space according to P(n,t) ϭ͗n͉F(t)͘ and ͉F(t)͘ϭ⌺ n P(n,t)͉n͘, respectively, where the base vectors ͉n͘ are composed of second quantized operators. Using this representation, the Master equation ͑1͒ can be transformed to an equivalent evolution equation in a Fock-space,
The dynamical matrix L(n,nЈ) in Eq. ͑1͒ is mapped onto the operator L ϭL (d,d † ), which is given in a second quantized form with d and d † being the annihilation and creation operators, respectively. Originally, this transformation had been applied for the Bose case with unrestricted occupation numbers. [20] [21] [22] Here, we consider the case of restricted occupation numbers. 23 In order to preserve the restriction of the occupation number in the underlying dynamical equations, the commutation rules of the operators d and d
† are chosen as those of Pauli-operators, [23] [24] [25] 
In principle, as it was shown firstly by Doi, 20 the average of an arbitrary physical quantity B(n) is given by the average of the corresponding operator B (t)ϭ⌺ n ͉n͘B(n)͗n͉ via
using the reference state ͗s͉ϭ⌺ n ͗n͉. The normalization condition is manifested in the relation ͗s͉F(t)͘ϭ1. Note, the special feature of this Fock-space formulation is due to the fact that the mean value is linear in the corresponding state vector because in quantum mechanics it is bilinear. In the same way, correlation functions can be expressed by
A͑n͒P͑n,t;nЈ,tЈ͒B͑nЈ͒
Furthermore, because of Eqs. ͑2͒ and ͑4͒ the evolution equation for an arbitrary operator B (t), for example, the particle number operator, is given by 26 ‫ץ‬ t ͗B ͘ϭ͗s͉͓B ,L ͔͉F͑ t ͒͘,
͑5͒
which can be extended immediately in order to write down the kinetic equations for time-dependent correlation functions. To derive the last equation we have used the necessary relation ͗s͉L ϭ0, which guarantees the conservation of the normalization condition. As a general result of the procedure, all the dynamical equations governed by the classical problem are completely determined by the commutation rules of the underlying operators and the structure of the evolution operator L . Therefore, this method allows investigations of master equations for various evolution processes, e.g., aggregation, chemical reactions, 27 ,28 nonlinear diffusion 29 as well as the spin facilitated kinetic Ising models. Note, the decisive advantage of the Fock-space approach is given by a simple construction principle for each evolution operator L on the basis of creation and annihilation operators. Thus, using the Fock-space formalism the master equation of the SFM͓2,d͔ can be expressed by the following evolution operator:
with the particle number operator D i ϭd i † d i ͑with D i ͉n͘ ϭn i ͉n͒͘ and temperature dependent jumping rates and ␤. The inner terms of the square bracket in Eq. ͑6͒ represent a single spin-flip process on the lattice site i and the product of the particle number operators D j D k stands for the local constraints. Additionally, i͉ jk is a lattice function with i͉ jk ϭ1 if j k and j and k are neighbored to lattice cell i. Due to detailed balance one obtains for the jumping rates,
where in general Ϫ1 (T) is an elementary temperature dependent time scale represented by simple activation dynamics like Ϫ1 (T)ϭk exp(ϪE A /T) with the parameter k ͑mea-sure of a microscopic time scale͒ and the activation energy barrier E A ͑a useful tool for computer simulations͒. Without too loose the generality, we set in our calculations E A ϭ0. Therefore, the microscopic time scale is parametrized by a constant. Moreover, is the energy difference between the up and down state. Using Eq. ͑5͒ with the Liouville operator
for free spins, 26 the evolution equation for the averaged particle number operator reads
and the solution of this kinetic equation shows an exponential decrease characterized by the relaxation time 0 ϭ( ϩ␤) Ϫ1 . The stationary state ‫ץ‬ t ͗D i ͘ϭ0 corresponds to an equilibrium averaged particle number eq ϭ͗D j ͘ϭ/( ϩ␤), which is controlled by the ratio of the energy difference and the temperature T.
III. PROJECTION EQUATIONS
The general basis for an analytic analysis of long-time phenomena in arbitrary physical systems via a modecoupling approach is given by the Mori-Zwanzig projection operator formalism. 16 In the present paper, we investigate the slow relaxation regime of model classes, where the underlying microscopic dynamic is a stochastic one due to an irreversible master equation. For that purpose we derive in a mathematical consistent way the evolution equations for a complete set of relevant observables by using a projection formalism in the Fock-space. Therefore, these projection equations, which should represent the irreversible nature of the underlying dynamic, form a general basis for analytic studies of the whole class of facilitated kinetic Ising models. Here, we restrict our investigation to the analysis of the SFM͓2,d͔. That means, simultaneously with the general derivation of the projection equations, we specify all quantities in terms of a right description of the SFM͓2,d͔.
A. Relevant operators
The dynamics of an arbitrary physical system can be described systematically by a reasonable set of relevant operators. Well, it seems to be a suitable choice 16 to use a system specific relevant observable and their time derivatives up to the certain order as a reasonable set of relevant operators, where the system specific relevant observable itself is determined by the zeroth time derivative. For the investigation of the SFM͓2,d͔ and moreover for several facilitated kinetic Ising models, the system specific relevant observable or slow system variable is given by the normalized local deviations of the spin configuration from the thermodynamical average. In principle, from the mathematical point of view the upper borderline of all possible time derivatives ␤ ϭ0,1,...,g max is usually a finite integer number (g max Ͻϱ), but g max →ϱ is also well-defined, so that
These covariant operators must be extended by the corresponding contravariant operators in order to define a scalar
arbitrary correlation function between a covariant and a contravariant operators. In the case of the SFM͓2,d͔ the contravariant operators are determined by
͑10͒
Using Eqs. ͑9͒ and ͑10͒ we construct the backward projection operator P ,
͑11͒
with ␣,␤,¯͓0,g max ͔. The projection operator leads to an identical mapping of the relevant operators onto itself, i.e.,
Beyond it, the orthogonal projection operator Q is given by Q ϭ1Ϫ P with k (␥) Q ϭ0. Remark as a consequence of the Fock-space approach all operators acts to left.
B. Basis equations
The evolution equation ͑2͒ leads to the formal solution ͉F(t)͘ϭexp͕L t͖͉F(0)͘. The dependence of ͉F(t)͘ on the time can be transfered to an arbitrary operator analogous to the transformation of Schrödinger's representation into the Heisenberg picture. Therefore, time-dependent operators can be expressed by B (t)ϭB exp͕L t͖. Accordingly, the starting point for the derivation of the projection equations for the relevant observables, in analogy to the derivation of the wellknown Mori-Zwanzig equations 15, 16 for time reversible classical or quantum mechanical equations of motion, is given by the following time evolution of k (␥) (t) in the Fock-space,
The application of 1ϭ P ϩQ onto the operator L leads to a formal splitting into a relevant and an irrelevant part. Note that P realizes a projection onto the subspace L ʈ of relevant operators, whereas Q projects onto the linearly independent subspace L Ќ of all other operators. Hence,
with the frequency matrix
The second term of Eq. ͑13͒ can be rewritten by using an identical transformation of exp͕L t͖ into an integral expression,
This relation allows the derivation of rigorous projection equations similar to the structure of the usual Mori-Zwanzig equations, 15, 16 
with the residual forces
which are characterized by the properties f k
and f k (␥) (t) P ϭ0 and the memory matrix,
͑18͒
The comparison between the projection Eq. ͑16͒ and the standard Mori-Zwanzig-equations 16 shows a formal equivalence, because both types of equations contain frequency terms, memory terms and residual forces with a similar mathematical structure. But there is a fundamental difference which can be studied directly by inspecting the memory kernel. On the one hand, the memory terms of the usual MoriZwanzig equations can be written always as a correlation function of the residual forces. This relation can be interpreted as a representation of the fluctuation-dissipation theorem, and it is causally connected with the fact, that the standard Mori-Zwanzig equations are related to reversible classical or quantum mechanical equations. By way of contrast, it is easy to see that the memory terms ͑18͒ cannot be completely constructed from residual forces ͑17͒. The cause is the irreversible character of the underlying master equation.
C. Projection equations for a reduced set of relevant observables
Now, we restrict the set of relevant operators by setting g max ϭ1. Because the relevant observables i (0) (t)ϭ i (t) and i
(1) (t)ϭ i (t)L represent a suitable set of relevant operators in order to characterize completely the long-time dynamic of the SFM͓2,d͔. This choice corresponds to the experiences in mechanical systems, which are completely determined by spatial coordinates and velocities. Thereby, the general system of projection Eqs. ͑16͒ becomes
Note, that g max ϭ0 is used in Refs. [17] [18] [19] , which leads to an apparent ergodic-nonergodic transition in opposition to numerical predictions. By using the relations ⍀ k j
, and K k j (0␤) (tϪtЈ)ϭ0, the first equation of ͑19͒ will be reduced to the identity ‫ץ‬ t k
(1) (t) and thus the second equation can be rewritten as
The result is a second order differential equation which reflects the complete dynamics of the relevant observables.
D. Projection equations for correlation functions
An important role for investigations of slow relaxation phenomena plays the time-dependent equilibrium correlation functions of the relevant observables, which are in general defined by ⌽ kl (t)ϭ͗ k (t) l (0)͘. Especially for facilitated kinetic Ising models like the SFM͓2,d͔ the structure of these correlation functions can be characterized by
Therefore, these correlation function is equivalent to the normalized spin-spin correlation,
which should be similar to the normalized density-density correlation of the underlying supercooled liquid, i.e., ⌽ kl (t) ϳ͗␦(r,t)␦(rЈ,0)͘. The evolution equation of ⌽ kl (t) follows from Eq. ͑20͒ by a right-hand multiplication with l and a subsequent determination of the average. The contributions of the residual forces f n (1) (t) vanish identically. As a result, one obtains an exact second order integrodifferential equation,
͑22͒
As usual it is more convenient to transform the evolution Eq. ͑22͒ via a Fourier transform over space and time into an algebraic equation. In the present paper all further calculations are based on a hypercubic lattice structure with N sites, but an application of another lattice type is always possible.
In the following we assume that the correlation functions, frequency matrices, memory matrices are spatially homogeneous and isotropic, e.g., ⌽ nm (t)ϭ⌽(͉nϪm͉,t). Here, the lattice vectors n and m are related to the sites n and m. Clearly, the homogeneity is a direct consequence of the underlying translation invariance of the hypercubic lattice. It should be pointed out that if one intends to describe the dynamics in usual dense systems, like, e.g., supercooled liquids etc., then the underlying lattice structure should have no influence on these. The underlying lattice structure becomes irrelevant on sufficiently large spatial scales compared with the lattice constant and this can be mathematically expressed by the continuum limit, i.e., for ͉nϪm͉→ϱ or small wave vectors q in the Fourier space, respectively. In this sense it is sufficient to perform all further analytical calculations within a continuum approximation. Now, the Fourier transform of the correlation function is defined by
where the sum over q is given by an integral over the first Brillouin zone ͑BZ͒. In the same way, the Fourier transform of the frequency matrix as well as the memory matrix is defined by
Ϫiq"n , respectively. Note that all quantities depend only on qϭ͉q͉ because of the isotropy. Hence, the evolution Eq. ͑22͒ for the autocorrelation function becomes
͑23͒
Finally, the Laplace transformation ⌽(q,z)ϭ͐ 0 ϱ dt ϫexp͕Ϫzt͖⌽(q,t) leads to the fundamental algebraic equation,
with the initial conditions ⌽(q,0)ϭ⌽ 0 (q) and ⌽ (q,0) ϭ⌽ 0 (q) as well as the abbreviation g 0 (q)ϭ⌽ r 0 (q)/ ⌽ 0 (q). In principle, the projection Eq. ͑23͒ as well as Eq. ͑24͒ are valid for any arbitrary physical system which can be described by irreversible master equations. Hence, based on the projection equations the way in order to construct a mode-coupling approach for facilitated kinetic Ising models is quite straightforward by calculating explicitly the frequency matrices and memory matrices for the thermodynamical equilibrium. Here, it should be remarked that the following analytical calculations of the SFM͓2,d͔ offer that ⍀ (11) (q) 0 and K (10) (q,z) 0, which is a consequence of the irreversible nature of the master equations. By way of contrast, the usual Mori-Zwanzig equations 16 are founded on reversible Liouville operators leading immediately to ⍀ (11) (q)ϭ0 and K (10) (q,z)ϭ0.
IV. DETERMINATION OF FREQUENCY MATRICES
Now, the analysis of the frequency matrix ͑14͒ can be represented in an uniform picture by using the abbreviation
Therefore, the frequency matrix ͑14͒ can be expressed by
Furthermore, due to the eigenvalue equation k (10) and ⍀ k j (11) are completely determined by the quantities ⌫ ki ␦ with ␦ϭ0, 1, 2, 3. By using the evolution operator ͑6͒ and the commutation relations ͑3͒ the calculation of the values ⌫ ki ␦ on a d-dimensional hypercubic lattice leads to the result
where the contributions of lattice functions ⍜ ki , ki , and ki vanish, except for the following cases: ⍜ ki ϭ1 for ͉kϪi͉ ϭ1, ki ϭ1 for ͉kϪi͉ϭ& and ki ϭ1 for ͉kϪi͉ϭ2 ͑see also ki , and ki . The Fourier transform of Eq. ͑27͒ is performed for small wave vectors q, which is given by an approximation of the trigonometric lattice functions up to the second order in q and one obtains
The coefficients ⌫ 0 ␦ and ␥ ␦ follows immediately from the values A ␦ , B ␦ , C ␦ , and D ␦ . Hence,
where zϭ2d is the coordination number of the d-dimensional hypercubic lattice, i.e., z is the number of nearest neighbors per lattice site. Furthermore, by using the relations ␥ 0 ϭ␥ 1 ϭ0 and ⌫ 0 0 ϭ1 the Fourier transformed matrix g ␣␤ (q) can be written as 
So far it is possible to test the mathematical precision of the previous derivation of the projection formalism for the SFM͓2,d͔ by an analysis of the relaxation behavior of the correlation function ⌽(q,t) neglecting the memory terms contained in Eq. ͑23͒. In this case the integrodifferential equation for the correlation function ͑23͒ is reduced to an simple differential equation of an damped harmonic oscillator. The initial conditions ⌽ 0 (q) and ⌽ 0 (q) of the correlation function are determined by equilibrium averages
and consequently the ratio g 0 (q) is given by
Instead of Eq. ͑23͒ it is more convenient to analyze the algebraic Eq. ͑24͒ by neglected memory terms. Therefore, by introducing the normalized correlation function ⌽ (q,z) ϭ⌽(q,z)/⌽ 0 (q) and using the relation ͑33͒, Eq. ͑24͒ can be written as
͑34͒
which has two simple poles
and the intensities are given by
The present approximation of the SFM͓2,d͔ due the differential equation of the overdamped harmonic oscillator for the correlation function is characterized by two relaxation times R 1 (q)ϭz 1 Ϫ1 and R 2 (q)ϭz 2 Ϫ1 . Figure 2 shows the relaxation times R 1 (q) and R 2 (q) as a function of temperature, whereas the intensities A 1 and A 2 are illustrated in Fig. 3 . It can be verified that both relaxation times have only a weak dependence on q. Moreover, the slow relaxation time R 1 (q) shows a weak non-Arrhenius behavior. Furthermore, both relaxation times remain finite values even for the limit q→0. Obviously, the spin facilitated kinetic Ising model shows no diffusionlike modes which behave as ϳq Ϫ2 for the limit q→0. Clearly, the analytical results should exhibit such a behavior for the relaxation times, because the SFM͓2,d͔ is based on nonconserved ͑Glauber͒ dynamics related to the nonconserved spin variable i . Nonconserved models with nondivergent correlation lengths are characterized by finite relaxation times for q→0. Therefore, nonconserved models offer a nice property due to the fact that physical quantities, like, e.g., ⌫(q)ϰAϩBq 2 are nonsingular, i.e., well-defined and even finite, for the limit q→0. In this sense, because the q dependence is very weak and do not change significant the physical behavior of the underlying model system the performance of the limit q→0 is a comfortable approximation for a further analysis of the long-time regime for the SFM͓2,d͔.
By a simple calculation for dϭ3 one can obtain ln R 1 ϳln (T)ϩ3/Tϩo(q 2 ) and ln R 2 ϳln (T)ϩo(q 2 ), respectively, at low temperatures. On the other hand, the high temperature regime is characterized by another temperature de- pendence given by ln R 1,2
/Tϩo(q 2 ). For example, the coefficients u 1,2 are u 1 ϭ1.65 and u 2 ϭ0.93 for a three-dimentional cubic lattice.
V. DETERMINATION OF THE MEMORY MATRICES

A. Complete and orthogonal basis
In principle, under the assumption of a vanishing interaction between spins related to the Hamiltonian Hϭ ͚ i i all operators acting on the Fock-space can be represented by a complete set of orthogonal base operators. In this connection for facilitated kinetic Ising spin models the determination of such an operator-space basis is possible under consideration of the underlying d i ,d i † -͑pseudo fermionic͒ algebra ͑3͒. Now, the base operators can be expressed as all possible products of the above introduced operators i ͑9͒. A base operator is denoted as B N n (n) . The index n corresponds to the order of the product, N n is an n-dimensional vector indicating the concerning lattice sites. Hence, the structure of the basis is given by
] Note that because of the commutation relation ͓ i , j ͔ϭ0 the components of N n can be ordered. The case of two or more equivalent indices is excluded because i 2 ϭ(1 Ϫ2 eq )/ eq (1Ϫ eq ) i ϩ1, i.e., quadratic or higher powers of each operator i can be always reduced to a linear representation. The base operators are orthogonal to each other and the orthogonality means that
͑36͒
This relation is well-founded on the fact that all equilibrium averages of operators on various lattice sites decay in a product of averages with respect to these sites, e.g.,
important relation is valid for all facilitated kinetic Ising spin models if the neighbor-neighbor interaction vanishes. Consequently, the orthogonality relation ͑36͒ follows immediately because of the fundamental features ͗ i ͘ϭ0 and ͗ i 2 ͘ϭ1. Thus, the basis B ϭ͕B N n (n) ͖ is orthogonal.
The completeness of B ϭ͕B N n (n) ͖ is to be understood in relation to the reference state ͗s͉, i.e., the following equation is fulfilled for an arbitrary operator X :
The mathematical proof of this property is given in Appendix B.
B. Decomposition of the memory terms
Now, based on the complete and orthogonal basis ͕B N n (n) ͖ we are able to decompose the memory matrix ͑18͒ which can be written as
for the SFM͓2,d͔ by using the relations ͑9͒ and ͑10͒ ͑note that Q 2 ϭQ ͒. As is known from the quantum mechanic it is possible to rewrite ͑38͒ by inserting the completeness relation 1 ϭ ͚ n ͚ N n ͉B N n (n) ͗͘B N n (n) ͉, which leads to
with the coefficients, 
where the averages ͗B N p (p) (t)B N m (m) ͘ are usual many point correlation functions, e.g., ͗ i (t) j (t) k l ͘ for pϭmϭ2.
C. Mode coupling approximation
In principle, an exact determination of the memory kernel ͑41͒ is not possible at long times. Therefore, we need a suitable approximation 31 for a further treatment. Well, the exact decomposition of the memory kernel in Eq. ͑41͒ can be interpreted as a separation of fast and slow time scales. From the physical intuition in the long-time limit the approximation strategy for the memory kernel will consist of the elimination of the fast modes such as a suitable approximation of the correlation function. 
In general, it can be expected that B N n (n) exp͕Q L Q t͖ shows a significant evolution on a very short time scale in comparison to the characteristic time scale related to B N n (n) exp͕L t͖. Note, while the evolution operator L contains all relevant time scales, the operator Q L Q is mainly determined by contributions related to short time scales. 16 Consequently, it can be assumed that at long times the time dependence of ⌿ N n N p (np) (t) is weak in comparison to the decay of the correla-
which is connected only with the time evolution factor exp͕L t͖. Hence, at long times we can expand ⌿ N n N p (np) (t) in powers of the time t via a Taylor expansion,
The first coefficients ⌳ N n N p (np),M can be determined by simple calculations, e.g.,
So far, we restrict our investigation to the simplest case, i.e., we assume ⌳ N n N p (np),M ϭ0 for M у1. Hence, one obtains
͑42͒
It should be remarked that an extension to higher terms is possible without any problems. We abstain from a consideration of higher terms with respect to the clarity of the calculations. Furthermore, the obtained results ͑see below͒ due to ͑42͒ show already a reasonable agreement with numerical simulations. Clearly, the main problem consists in a reasonable approximation of the many point correlation function 
This asymptotic limit is correct for infinitely large ͑or at least sufficiently large͒ distances between the lattice sites i 1 ,i 2 ,... . We use this borderline case as an approximation
for an arbitrary set of lattice sites ͕N p ,N m ͖. This approximation is equivalent to the decomposition of higher static correlation functions into simple pair correlation functions. For example, a similar approach was used to create self consistent equations for the static structure factor. 32 The abovementioned base operators with 2рnр5 lead only to nonvanishing coefficients ͑40͒ and thus to nonzero terms for the memory matrix ͑39͒. The leading term or the main contribution, respectively, is given by nϭ2 related to the base operator B i j (2) ϭ i j , whereas, the base operators B N n (n) with 3рn р5 yield only to small additional contributions, which can be neglected. In this sense, we restrict now the basis B ϭ͕B N n (n) ͖ to operator elements with nр2. Thus, the memory matrix ͑39͒ can be approximated by
at long times. The Fourier transform of the memory matrix ͑44͒ leads to
with the vertex-functions,
where, by using the abbreviation kЈϭqϪk, the Fourier transformed coefficients H l,i 1 i 2 ␥(2) and H j 1 j 2 ,l (2)␣ , are written as
respectively. The calculation of the vertex-functions ͑46͒ for the matrix elements K (10) (q,t) and K (11) (q,t) is based on the determination of the coefficients h ␥ (k,͉qϪk͉) and h ␣ (k,͉qϪk͉). Due to the choice of the relevant observables i (0) (t)ϭ i (t) and i (1) (t)ϭ i (t)ϭL , i.e., ␣ϭ0, 1, we have to calculate h 1 ϭh 1 (k,͉qϪk͉), h 0 ϭh 0 ϭ(k,͉qϪk͉) as well as h 1 ϭh 1 ϭ(k,͉qϪk͉) and the results are listed in Appendix C. In general, one obtains h 0 ϭ0 and h 1 ϭh 1 . Hence, the vertex-functions structure ͑46͒ reduced to V 1␤ (k,͉qϪk͉) ϭ͓h 1 (k,͉qϪk͉)͔ 2 g (1␤) (q), because of ␥ϭ1 and for ␤ϭ0, 1 it is immediately seen that the ratio between V 10 (k,͉qϪk͉) and V
11
(k,͉qϪk͉) is determined by g (10) (q)/g (11) (q) ϭϪN⌫ 1 (q). Consequently, the ratio between both memory terms K (10) (q) and K (11) (q) is generally given by the relation,
which is independent of the wave vector qϭ͉q͉. Moreover, due to an algebraic calculation procedure for small wave vectors the resulting structure of the vertex-functions can be expressed schematically by V 1␤ (k,͉qϪk͉)ϳAϩBq 2 ϩCk
•(qϪk) and, e.g., for the three-dimensional lattice, the values of the coefficients are given by BϰA/4 and CϰA/5, respectively. Thus, the finite constant A is the leading term, i.e., Cq 2 ӶA, etc.
On the one hand, as shown in Sec. IV the q-dependence of the frequency matrices is very small. On the other hand, this weak dependence can also be observed for the memory matrix elements. Due to the classification scheme of Hohenberg and Halperin, 33 the SFM͓2,d͔ is a so-called model A and therefore the frequency and memory matrices do not vanish for q→0. In this sense, it is a suitable simplification to restrict the long-time analysis for the nonconserved irreversible dynamic of the SFM͓2,d͔ by performing the limit q→0. Thus, the suppression of the wave vector dependence leads to ⌽ nm (t)ϭ(t)␦ nm ϭ(1/N)⌺ q (t)exp͕iq•(nϪm)͖. By using the relation g 0 (q)ϭg 0 (0)ϭϪ⌫ 0 1 / 0 ͓see Eq. ͑33͔͒ the algebraic evolution Eq. ͑24͒ can be written as
with the initial condition (0)ϭ1. Furthermore, the previous determination of the frequency matrix elements ͑31͒ and ͑32͒ leads immediately to
Due to Eq. ͑45͒ and by performing the limit q→0 the modecoupling approached memory matrix elements K (10) (q,t) and K (11) (q,t) are reduced to
Thus, the memory matrix elements are completely determined by the resealed quantity ϭ 0 2 V 11 (0,0), because the vertex-functions are related to each other via the ratio V 10 (0,0)/V 11 (0,0)ϭ 0 Ϫ1 ⌫ 0 1 . One obtains the characteristic behavior ϳ eq 3 for the asymptotic case of low temperatures, i.e., for eq →0, and for example, ϭ(1660608/5) eq 3 (1ϩo( eq )) for a cubic lattice (zϭ6).
Finally, based on Eq. ͑47͒ the mode-coupling approach algebraic equation for the correlation function (z) becomes ͑z ͒ϭ ͫ zϩ
with the Laplace transformed ⌶(z)ϭ͐ 0 ϱ (dt/ 0 ) 2 (t) ϫexp͕Ϫzt͖,Im zϾ0.
VI. DISCUSSION
Now, due to the algebraic mode-coupling equation ͑49͒ we are able to analyze the characteristic slowing down of the dynamics of the SFM͓2,d͔ for decreasing temperature. By following the philosophy of the investigations of modecoupling theories 13, 17, 19 the first question arises concerning the existence of ergodicity and nonergodicity. That means, does there exists a critical temperature T Ã , so that the correlation function (t) shows an incomplete decay (t→ϱ) ϭ f ϱ 0 for TрT Ã ? Or synonymous, has the function (z) a pole at zϭ0 for TрT Ã ? This question is equivalent to the determination of a kinetic phase transition from an ergodic state into a nonergodic state for supercooled liquids. To this aim we split the correlation function into a nonergodicity part f ϱ and a contribution erg (t) via the ansatz (t)ϭ f ϱ ϩ erg (t). Thus, the function erg (t) describes the remaining ergodic part of the SFM͓2,d͔, i.e., erg (t→ϱ)ϭ0. The Laplace transformation leads to
with lim z→0 z erg (z)ϭ0. Furthermore, the term ⌶(z) can be expressed by
with lim z→0 z⌶ erg (z)ϭ0. Using the ansatz ͑50͒ and ͑51͒ the evolution equation ͑49͒ can be written as
.
͑52͒
One can immediately see that the nonergodicity part f ϱ has a nonvanishing value only if ⌫ 0 1 ϭ0. Otherwise, the only solution of Eq. ͑52͒ is given by f ϱ ϭ0, i.e., the SFM͓2,d͔ is an ergodic system if ⌫ 0 1 0. Clearly, the value of ⌫ 0 1 vanishes only for Tϭ0,
Thus, based on a mode-coupling approach the analytical calculations exhibit only a nonergodic state of the SFM͓2,d͔ at zero temperature. Additionally, we obtain from Eq. ͑48͒ that the frequency term ⍀ (10) (0) vanishes for Tϭ0. Hence, the nonergodic part is given by f ϱ ϭ1, i.e., an initial equilibrium configuration at Tϭ0 shows no structure relaxations during the total observation time. Consequently, in the language of ergodic-nonergodic transitions the SFM͓2,d͔ realizes a kinetic phase transition from an ergodic system state to a nonergodic system state at the critical temperature T Ã ϭ0. In other words, each arbitrary equilibrium configuration is frozen at TϭT Ã ϭ0. The present analytical calculation exhibits the important result that the SFM͓2,d͔ is ergodic for all finite temperatures TϾ0, which is in total agreement with previous numerical results. [7] [8] [9] [10] Like expected, a mode-coupling approach seems to be the right formalism for the investigation of slow relaxation dynamics of the SFM͓2,d͔ in contrast to a renormalized perturbation, 3, 4 which predicted an incorrect kinetic phase transition at a finite critical temperature.
In the next step, we analyze the slow relaxation behavior near the critical temperature T Ã , i.e., at finite temperatures TϾ0. In this connection, we introduce the relaxation time c ϭ(zϭ0). Based on Eq. ͑49͒, c is given by
with the coefficient
Using these notations, the algebraic Eq. ͑49͒ can be written as
Therefore, Eqs. ͑53͒, ͑54͒, and ͑55͒ are a closed, nonlinear system of equations, which can be solved by numerical standard methods. Figure 4 shows the calculation of (t) for the SFM͓2, 3͔ on a three-dimensional cubic lattice relating to various relative temperatures T/. We see that the correlation function (t) shows with decreasing temperature a pronounced stretched decay over some decades, while an exponential-like decay is obtained for high temperatures. This stretching can be illustrated by a simple argument. Short times ͑t→0 or z→ϱ͒ are related to a behavior (z)Ӎ(z ϩ⌫ 0 1 / 0 ) Ϫ1 or (t)Ӎexp͕Ϫ⌫ 0 1 t/ 0 ͖. On the other hand, the long time regime ͑t→ϱ or z→0͒ is characterized by (z)
we expect a typical crossover between both regimes characterized by a stretched decay, see Fig. 4 . Therefore, the present analysis of SFM͓2,d͔ shows a typical stretched exponential decay of the autocorrelation function (t) for decreasing temperature in direction to T Ã , which depends in a natural way on T.
The spectral density S( s ) of the correlation function is defined as the set of amplitudes of exponential decays which contribute to (t). Thus, (t) is the Laplace transformed spectral density with respect to the Laplace variable t,
One obtains the remarkable result that the spectral density is positive definite ͑Fig. 5͒. The knowledge of the spectral densities allows the determination of other interesting properties, for example, the susceptibility ͑͒, see Fig. 6 . Finally, the averaged relaxation time (T) can be obtained by using The calculation of the averaged structural relaxation time shows near T Ã a typical non-Arrhenius temperature behavior ͑Fig. 7͒.
VII. CONCLUSIONS
In the present paper we have introduced a mathematical consistent mode-coupling approach describing analytically the slow relaxation regime of the SFM͓2,d͔ at long times. It was shown that irreversible master equations can be easily transformed into projection equations by using the Fock space representation. Whereas, the standard Mori-Zwanzig projection operator formalisms, 16 which leads to the well known evolution equations for correlation functions, start from a reversible Liouville equation, the master equations are already irreversible. As a consequence of this initial irreversibility, the evolution equation for the autocorrelation function contains additional frequency matrices and memory terms. Thus, these additional contributions are caused mainly by the loss of the invariance against an inversion of the time. By using a factorization approach for the memory kernel, we have obtained the following structure of the evolution equation for (t) of the SFM͓2,d͔,
with ⍀ 2 ϭN⍀ (10) (0), 2 ϭN⍀ (11) (0), ϭV
11
(0,0), ⌳ϭ 0 Ϫ1 ⌫ 0 1 and the initial conditions (0)ϭ1 and (0) ϭϪ⌳.
A further important property follows from a general analysis of the frequency matrices. The corresponding poles of the Laplace transformed correlation function ⌽ (q,z) are always located on the negative real axis, especially, the imaginary part of the poles vanishes identically. This behavior is related to the general structure of the master equation. The dynamical matrix L(,Ј) of a master equation is always negative definite ͑or better semidefinite because at least one eigenvalue is zero as a result of the conservation of the probability͒. Thus, only relaxation processes should be observed, i.e., the evolution of the probability P(,t) can be approached by a probably infinitely large expansion in terms of exponential functions, P(,t)ϭ P eq (,t) leading. It seems to be possibly favorable to use the notion relaxation matrix. However, we have used the traditional terminology to avoid misunderstandings and conflicts with other well defined quantities.
Besides, it should be mentioned that the relevant observables i (t) and i
(1) (t)ϭ i (t)L are a suitable choice for describing the slow relaxation regime of the SFM͓2,d͔. In agreement with numerical results 7-10 the present modecoupling approach shows analytically a slowing down near zero temperature corresponding mathematically to a socalled ergodic-nonergodic transition at T Ã ϭ0. On the one hand, we find also for the averaged structural relaxation time the numerical predicted 8, 10 non-Arrhenius temperature behavior. On the other hand, we get the typical stretched decay of the autocorrelation function. Note, in contradiction to numerical simulations the mode-coupling approaches for facilitated kinetic Ising models of Jäckle et al. 17, 18 and Kawasaki, 19 based on one relevant observable, always lead to incorrect predictions for the slow relaxation behavior compared with numerical results.
Finally, we come back to the general situation in strongly interacting many body system at long times like in supercooled liquids or facilitated kinetic Ising models. Surely, the analytical results show again that the SFM͓2,d͔ is too simple to explain schematically the whole long-time relaxation regime of supercooled liquids characterized by the ␣-process and the fast ␤-process. Obviously, the spin facilitated kinetic Ising model is not adequate for a description of the fast processes inside a supercooled liquid. This statement is supported by both, numerical simulations 8, 10 and the presented analytical investigations, which show that no fast ␤-processes can be observed, because, the fast dynamics ͑␤-process͒ determine the thermodynamical noise. Hence, this noise is the underlying cause for the irreversibility of the master equations. Note, master equations and stochastic evolution equations are principally equivalent. 34 However, the remaining slow dynamics of a supercooled liquid ͑␣-process͒ is represented in the kinetic scenario of the SFM͓2,d͔. This situation reflects one of the great problems in all areas of physics nowadays, the uniform theoretical description of large ͑slow͒ and small ͑fast͒ scales by a general approach, e.g., the large scale approaches fail in the prediction of small scales and vice versa. That means, mode-coupling approaches based on reversible dynamics are suitable for the description of the fast ␤-process, but there is a problem for an adequate description of all features of the ␣-process. On the other hand, the mode-coupling approach based on irreversible dynamics gives a reasonable description of the slow process similar to the ␣-process in supercooled liquids, because a breaking of time-reversal invariance leads to additional terms in the evolution equation for (t) and therefore to a nonexponential decay of the correlation function as well as a non-Arrhenius behavior of the relaxation times without the existence of a power law singularity at a finite temperature. Surely, the prediction of the SFM͓2,d͔ are schematical, because a translation in terms of physical quantities of supercooled liquids is still missing, but it leads to an interesting new insight into the slow relaxation dynamics of complex systems. ␦ , C ␦ , and D ␦ due to the graphical contributions in Eq. ͑29͒ can be obtained straightforwardly by applying gradually the evolution operator L of the SFM͓2,d͔ ͑6͒ on k and using the commutation relations ͑3͒. Under consideration of the coordination number z in terms of a binomial coefficient representation and the thermodynamical equilibrium of the averaged particle number eq we obtain the following results: A ␦ -terms:
